Abstract-Marginalization techniques are presented for the Bayesian filtering problem under the assumption of Gaussian priors and posteriors and a set of sequentially more constraining state space model assumptions. The techniques provide the capabilities to 1) reduce the filtering problem to essential marginal moment integrals, 2) combine model and numerical approximations to the moment integrals, and 3) decouple modelling and system composition. Closed-form expressions of the posterior means and covariances are developed as functions of subspace projection matrices, subsystem models, and the marginal moment integrals. Finally, we review prior work and how the results relate to Kalman and marginalized particle filtering techniques.
I. Introduction
The Bayesian filtering problem is in general intractable and direct numerical approximations, such as particle filters, are only applicable to low-dimensional systems. Beyond particle filters, marginalization, combined with a (conditionally) static, linear, and Gaussian state space subspace, can confine the intractable part to the complementary subspace making particle filter techniques, so-called marginalized or Rao-Blackwellized particle filters, applicable to higher dimensional systems. Unfortunately, for commonly appearing dynamic subspace structures, one is in general referred to filtering with the assumptions of Gaussian priors and posteriors, e.g. Kalman filtering. However, marginalization may still be highly valuable and used to exploit structures in the models. In particular, in this article I present general marginalization techniques which give the following model structure exploiting capabilities:
1) Focusing numerical approximations: The Gaussian prior and posterior assumptions reduce the Bayesian filtering to a set of intractable moment integrals. Consequently, the related filtering techniques are essentially defined by the different ways they approximate the moment integrals. However, with subspace structures, only subdimensions of the integrals are intractable and marginalization can reduce the integrals to those intractable dimensions, thereby focusing the numerical approximation techniques.
2) Combining model and numerical approximations: Traditionally, nonlinear non-Gaussian models are handled by linearization and Gaussian approximations, giving different flavors of the Kalman filters. However, linearizing or making a Gaussian approximation of a part of a model is just a way of introducing related linear and Gaussian subspaces. Then, marginalization can be used to eliminate such subspaces from the moment integrals, hence enabling combination of model and numerical approximations. 3) Decoupling modelling and system composition: Filtering problems often include multiple information sources and hence multiple models. The different output and state models are typically dependent on different system states, creating dynamic subspace structures. However, the specific subspace structures will be dependent on the system composition, creating an implicit coupling between the modelling and the composition. In this case, marginalization can be used to decouple the subsystem modelling and the system composition such that they can be performed separately.
The techniques give extended Bayesian filtering abilities. The novelty is both within the capabilities themselves and the fact that they are derived under different (weaker) assumptions than comparative filtering techniques. In combination with moment integral approximations, the results constitute a new class of Bayesian filtering techniques. The core results of this article are closed form expressions of the posterior means and covariances in terms of subspace projection matrices, subsystem models, and explicit marginal moment integrals, for a set of sequentially more constraining state space model assumptions. In the following subsection, we pose the Bayesian filtering problem and the state space model assumptions. The expressions for the posterior means and covariances are developed over Sections II-V. Following this, in Sections VI-VIII we return to how they give capabilities 1-3. Finally, in Section IX we review prior work and applications and how the results connect to related filtering techniques. Due to the wide range of analytical results and the more specific nature of suitable moment integral approximations, we stay away from specific approximation techniques and simulations.
Notation: Let A ⊥⊤ = AA ⊤ and A ⊥+⊤ = A + A ⊤ . 0 and I are zero and identity matrices of appropriate dimensions.
[· ·] and [· ; ·] are row and column vectors, respectively. p(a|b) is the probability density function (pdf) of a given (where applicable) b. N a (c, P) is the Gaussian pdf of a with mean c and covariance P. δ(·) is the Dirac delta function. Conditioning on output up to instant k is denoted withâ and k − 1 withǎ.
A. Problem formulation
Consider the general discrete state space system
where x k ∈ R n and y k ∈ R m and where w k ∼ p(w k ) and v k ∼ p(v k ) are independent. In the latter implied (and sufficient) density representation, p(x k |x k−1 ) and p(y k |x k ) captures both f k (·, ·) and h k (·, ·) and p(w k ) and p(v k ). For p(y k |x k ) we do not require quantified output but it may also encode any side information y k , e.g. constraints. The problem is to recursively calculate the conditional densities p(x k |Y k−1 ) and p(x k |Y k ) given p(x 0 |Y 0 ), where Y k = {y k } is the set of all output up to instant k. This is the Bayesian filtering problem which in general cannot be solved analytically. However, the intractability can be limited to specific subspaces with further assumptions: N) Gaussian priors and posteriors: While p(x k |x k−1 ) and p(y k |x k ) are arbitrary densities, the conditional state densities,
i.e. the initial and estimated distributions, are Gaussian.
a) Dynamic active subspaces: There are matrices
The structure of assumption a frequently arises due to different models being functions of different state space subspaces A k x k−1 and C k x k . N and a are the basic assumptions here. Results for the filtering problem will be presented for this general case. However, further structure is often available, structure which can greatly simplify the filtering. Consequently, results will also be presented for three further assumptions about the active subspaces: Consequently, they may be used separately. However, since the analysis for the prediction and the update are similar, they are treated jointly. Further, p(w k ) having a defined mean and covariance P w k is strictly not required for the results of assumption a. However, it is in general required for assumption N to make sense. Similarly, w k ∼ N w k (0, P w k ) is not strictly required for the results for assumption d but it is implicit from the linear state equation and assumption N. Hence, the assumptions a-d are sequentially more constraining.
II. Inactive subspace marginalization
Assumption N implies that only the means,x k andx k , and the covariances,P k andP k , need to be calculated, instead of arbitrary densities p(x k |Y k−1 ) and p(x k |Y k ). If, additionally, assumption a is made, the desired means and covariances can be expressed as functions of marginal moments in the nonlinear non-Gaussian subspaces, as will be shown in the following subsections. 
A. Marginalization for prediction
. This, and assumptions N and a, imply
Finally, introduce the marginal moments
Together, this gives the predicted meaň
Further, note that Bx = BUAx + BVBx = Bx. Together, this gives the predicted covariancě
Consequently, with assumptions N and a, obtaining p(ẋ|Ÿ) from p(ẍ|Ÿ), i.e. the prediction, boils down to calculating the marginal moments Ax,P Aẋ , andP Aẋ,Aẍ . The density p(Aẋ, Aẍ|Ÿ) is normally not known. However, from the definition of conditional probability
p(Aẋ|Aẍ,Ÿ) can be obtained from the state equation via
Inserting into the expressions for the marginal moments and integrating out Aẋ give
where, for uniformity, we have written p(ẇ)p(Aẍ|Ÿ) = p(ẇ, Aẍ|Ÿ). Consequently, the integration over Aẋ is replaced with the integration overẇ and the density p(Aẋ, Aẍ|Ÿ) is replaced with the known density p(ẇ, Aẍ|Ÿ).
B. Marginalization for update
Together, this gives the updated meaṅ
Further, note that Dx = DWCx + DZ Dx + N(Cx − Cx) = Dx + N(Cx − Cx). Together, this gives the updated covariancê 
where ν is a normalization constant. p(Cẋ|Ÿ) is the known prior and p(ẏ|Cẋ) is the likelihood function. If the likelihood function is known, up to scale, then the the marginal moments can directly be expressed as
If the likelihood function is not known, it can be obtained from the output model h a (·,v) and the density p(v) via
Inserting into the marginal moment integrals yields
Unfortunately, this increases the dimensionality of the integrals and adds the Dirac factor which complicates the evaluation. However, as will be shown in Section VI, the moments are still evaluable with standard statistical methods.
III. Exploiting conditionally additive noise structure If, in addition to the assumptions N and a, assumption b is made, the calculation of the marginal moments Ax,P Aẋ,Aẍ , P Aẋ , Cx, andP Cẋ can be facilitated by marginalizing out Aẋ (without introducingẇ) and an explicit likelihood function. For brevity, hereinafter let
, while retaining implicit dependencies.
A. Current state marginalization
From the definition of conditional probability p(Aẋ, Aẍ|Ÿ) = p(Aẋ|Aẍ,Ÿ)p(Aẍ|Ÿ). Now, given Aẍ, Aẋ is an affine transformation ofẇ and consequently
In contrast to the general case, p(ẇ) can be integrated out and therefore, the dimensionality of the integrals is reduced.
B. Explicit likelihood function
Again, from Bayes' theorem and the Markovian assumption of the state space model, p(Cẋ|Ẏ) = νp(ẏ|Cẋ)p(Cẋ|Ÿ) where ν is a normalization constant. Given Cẋ,ẏ is an affine transformation ofv. Consequently, the likelihood function
where the subscript pv(·) has been used to indicate that this is the pdf ofv and where | · | denotes the determinant. Therefore
In contrast to the general case, p(ẏ|Cẋ) is always known and the noisev does not add to the dimensionality of the integrals.
IV. Linear and Gaussian subspace marginalization
If, in addition to the assumptions N and a, assumption c is made, the calculation of the marginal moments Ax,P Aẋ,Aẍ , P Aẋ , Cx, andP Cẋ can be facilitated by further marginalizing out the linear subspaces. For brevity, hereinafter let
, and J c = J c (A nẍ ), while retaining implicit dependencies.
A. Marginalization for prediction
. From the definition of conditional probability
The two first distributions can be derived in closed form. Assumption N implies that
where
Together with assumptions N and c, this implies
Further, the relations between A lẋ , A lẍ , A nẋ , and A nẍ can be expressed as follows 
Given
Consequently, A lẋ and A lẍ and then A nẋ can be marginalized out of the marginal moments Ax,P Aẋ , andP Aẋ,Aẍ . Introduce
Then, finally, straightforward calculations give
where Ξ = Ξ ln (Ξ n ) −1 and Γ = ΦF n⊤ (Ξ n ) −1 and where, for brevity, explicit dependencies on A nẍ have been dropped. Consequently, the dimensionality of the moment integrals has been further reduced by the dimensionality of A lẍ .
B. Marginalization for update
From the definition of conditional probability
Assumption c implies that, given C nẋ ,ẏ is linear in C lẋ with additive Gaussian noise. Let
given by a Kalman filter update. Introduce
This gives
Consequently, C lẋ can be marginalized out of the marginal moments Cx andP Cẋ . Again from Bayes' theorem p(C nẋ |Ẏ) = νp(ẏ|C nẋ ,Ÿ)p(C nẋ |Ÿ), where ν is a normalization constant, and the likelihood function p(ẏ|C nẋ ,Ÿ) = Nẏ(ς(C nẋ ), Σ(C nẋ )). Together, this gives the marginal moments
where, for brevity, explicit dependencies on C nẋ have been dropped. Consequently, the dimensionality of the moment integrals has been further reduced by that of C lẋ .
V. Closed form solutions for the linear case If, in addition to N and a, assumption d is made, closed form solutions for the marginal moments can be derived. Substituting the formulas below back into the expressions for the moments gives the Kalman filter predictions and updates.
A. Closed form solutions for prediction
Substituting
in the formulas for the marginal moments given assumptions N and a, gives
B. Closed form solutions for update
With linear and Gaussian output, the marginal moments are given by the Kalman filter update formulas
VI. Numerical moment integral approximations With assumption N, the Bayesian filtering is reduced to approximating the moments {x,P,x,P}. With assumption a,
⊥+⊤ and the approximations can be focused to the marginal moments {Ax,P Aẋ ,P Aẋ,Aẍ , Cx,P Cẋ }. Assumptions b and c enable us to further narrow the focus, together giving capability 1. All non-closed-form formulas derived for the marginal moments are on the form
where d(·) is a function of the subspace indicated by the marginal density p(·|Ÿ) and d(·) is a differential of the corresponding subspace. Given assumptions N and a
and additionally given p(ẏ|Cẋ)
Given assumptions N, a, and b p(·|Ÿ) = N Ax (Ax, APA ⊤ ) and
Finally, given assumptions N, a, and c
Suitable numerical integration methods for m come in a range of different flavors such as Gauss-Hermit quadrature, importance sampling and Monte Carlo methods. All methods may be viewed as a set of samples r (i) and weights w (i) giving
The suitable r (i) depends on d(·) and the method of choice. Given only assumptions N and a, the above formula cannot be directly applied to the update since the integral within d(·) cannot typically be evaluated analytically and in general we have to resort to density estimation. With a kernel K Z(·) (·), a bandwidth matrix Z(·), samples v (i, j) , and weights v (i, j) ,
Substituting this back into d(·) enables use of numerical integration as described above. Again, the suitable v (i, j) and K Z(·) (·) depends on h a (·, ·) and p(v) and the method of choice. An alternative to the density estimation, for assumptions N and a, is a parametric Kalman update. Extending assumption N to a jointly Gaussian assumption
Cẋ,ẏ which are the well-known Kalman filter update formulas. Consequently, the problem is changed to that of approximatinǧ
which are amenable to numerical integration as described above. Hence, the density estimation is avoided at the cost of the extended Gaussian assumption, giving capability 1 to nonlinear Kalman filters applied to the setup of assumption a.
VII. Introducing linearization and Gaussian approximations
To focus the computational effort on the significantly nonlinear, non-additive, and non-Gaussian model parts one may exploit linearization and Gaussian approximation of benign parts of the models. For simplicity, assume zero mean noise (and hence a zero noise linearization point) and restate assumptions b-c: b') Conditionally additive noise: Assumption b may alternatively be expressed as
c') Conditionally linear and Gaussian subspaces:
Assumption c may alternatively be expressed as Pẇ) and A lx and C lx are linearization points, giving
, and
d') Linear and Gaussian subspaces: Assumption c may alternatively be expressed as
wherev ′ ∼ Nv′ (0, Pv) and Ax and Cx are linearization points, giving
In principle, the assumptions b/b ′ , c/c ′ , and d/d ′ are equivalent. In practice, the assumption versions b', c' and d' can be used to introduce model approximations by neglecting the first pair of relations in each assumption. This trades model approximations for lower dimensional moment integrals, and gives capability 2. Defining the above derivatives and covariances for state space models also makes it possible to automatically switch between different approximation modes.
The linearization points A lx , C lx , Ax, and Cx are arbitrary but in practice they will normally be the marginal prior means A lx , C lx , Ax, and Cx.
VIII. Decoupling modelling and system composition
A system model is composed of submodels. At least, as of the state space description, it is composed of a state model and an output model, but often there are multiple submodels of different states and outputs. Assume submodelṡ
where x i and x j are states of the properties determining the subsystem dynamics and the subsystem outputs, respectively. The system state x spans the properties of {x i , x j }. The properties of {x i , x j } must overlap but individual model states will often not coincide with x and different models may use different ordering and units of the states.
The discrepancies between x and {x i , x j } mean that the submodels cannot directly be compounded. Naively, this is solved by modifying the models, or using wrapper models, such that they are expressed in x. However, this creates an unfortunate coupling between modelling and system composition, a maintenance nightmare, and prevents exploitation of subsystem structure (capability 1 and 2) since potential structure is hidden. Instead, using assumption a, the composition can be performed by constructing A:s and C:s such that
The A:s and C:s will include scaling (unit transformations) and state selection but may also include further linear transformations [1] . This effectively decouples the modelling and the system composition giving capability 3.
IX. Relations to other filtering techniques and prior work
In the following subsection we describe how the presented results relate to the Kalman filters and the marginalized particle filters, and a few other directly related techniques.
A. Kalman filters
The Kalman filters handle a setup with assumption N and the additional jointly Gaussian assumption
(Note that Kalman filters can be formulated without the Gaussian assumption but the differences in practise are small.) The (Kalman filter) update rules for this case, in the active subspace, were presented in Section VI. Hence, the inactive subspace marginalization is directly applicable to nonlinear Kalman filters and they may be viewed as parametric methods for filtering given assumption N, and in many cases additional assumptions such as additive noise. See e.g. [2, 3, 4, 5] in which different numerical approximation techniques for the moment integrals, together with additional model assumptions, are presented, giving the so called UKF, QKF, CKF and S 2 KF, respectively.
In the special case of assumptions N and d, the jointly Gaussian condition is implied. Therefore, the formulas for this case give equivalent results to the Kalman filter. Further, a complete model linearization and Gaussian approximation, by using the latter part of assumption d', gives equivalent results to an explicitly linearized Kalman filter, e.g. the EKF.
Marginalization techniques for special cases of assumptions b and c have been presented in conjuncture with Kalman filters. In [6] , a marginalized QKF is presented in which a quadrature rule is used to compute predicted and updated mean and covariance for a nonlinear subspace. Subsequently, the mean, covariance and cross-covariance of the conditionally linear and Gaussian subspace are predicted and updated. In contrast, I present techniques for jointly calculating the means and covariances of the corresponding subspaces. Further, in [7, 8] various marginalizations combined with a UKF are presented. However, the marginalizations are tailored to the jointly Gaussian Kalman filter setup. In [9] , marginalization of an inactive augmented noise state in the prediction is presented. In [10] a combination of linear approximations and numerical approximations for a UKF is presented. Finally, marginalization-like techniques for linear and Gaussian update subspaces in Kalman filters are found in the PUKF [11] . Essentially, all the previous marginalization work rely on the jointly Gaussian assumption, and marginalization exploiting probably the most important structure, active subspaces, in the sense leading to the largest dimensionality reduction, is missing.
B. Marginalized particle filters
Marginalized, a.k.a. Rao-Blackwellized, particle filters, see e.g. [12] , are different in nature since they do not make assumption N. However, they can only handle special cases of assumptions a-c. In general, marginalized particle filters require a static conditional linear and Gaussian subspace, and A nẍ in a particle filter. The marginalized particle filters also handle special cases between assumption a and c. In case A n = C, i.e. the output is independent of the linear subspace of the state equation, then the general output model of a can be combined with the state equation of c. Vice versa, if A = C n , i.e. the state equation is independent of the linear subspace of the output model, then the general state equation of a can be combined with the output model of c.
C. Predecessors and applications
A two step variant of the inactive subspace update marginalization for a special case of C and assumptions N and a, in terms of mean and quadratic mean, can be found in [13] . A variant for an arbitrary C can be found in [1] . A onedimensional variant, in terms of mean and covariance, can be found in [14] . In [15] , the presented techniques are used for robust tightly-coupled GPS-aided dead reckoning.
X. Conclusion
In this article I have presented Bayesian filtering techniques which, given Gaussian priors and posteriors, enable one to exploit a set of sequentially more constraining model assumptions, condensing the filtering problem to essential moment integrals and enabling introduction of model approximations in the same integrals. Combined with suitable moment integral approximation techniques, e.g. quadrature or importance sampling, these techniques provide a new class of filtering techniques. In particular, in contrast to Kalman filters, the techniques can handle non-Gaussian (e.g. heavytailed) likelihood functions and, in contrast to marginalized particle filters, the techniques can handle dynamic subspace structures (e.g. state equations and output being non-linear in different subspaces). Further, the model assumptions enable system composition (combination of different submodels) by specifying subspace projection matrices, decoupling the (sub-) system modelling and the system composition. Moreover, the composition becomes transparent, enabling the Bayesian filtering techniques to exploit the underlying structure. In summary, I have shown how model structure and model approximations, combined with marginalization, can reduce the filtering problem to low-dimensional moment integrals which enables us to handle a more general class of filtering problems as compared to Kalman filters and which open up for a large range of numerical approximation techniques. Further, for specific models and distributions, analytical solutions to the marginal moment integrals may be possible.
